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Explicit algebraic scalar-flux models that are valid for three-dimensional turbulent
flows are derived from a hierarchy of second-order moment closures. The mathematical
procedure is based on the Cayley— Hamilton theorem and is an extension of the scheme
developed by Taulbee. Several closures for the pressure— scalar gradient correlations are
considered and explicit algebraic relations are provided for the velocity— scalar correla-
tions in both nonreacting and reacting flows. In the latter, the role of the Damkdhler
number is exhibited in isothermal turbulent flows with nonpremixed reactants. The rela-
tionship between these closures and traditional models based on the linear gradient-
diffusion approximation is theoretically established. The results of model predictions are
assessed by comparison with available laboratory data in turbulent jet flows.

Introduction

Despite extensive recent contributions in direct and large
eddy simulations of turbulent reacting flows, the application
of such simulations is limited to “simple flows” (Givi, 1994).
Based on this fact, it is now widely recognized that the “stat-
istical” approach is still the most practical means in compu-
tational turbulence, and future capabilities in predictions of
engineering turbulent combustion systems depend on the
extent of developments in statistical modeling.

The literature on computational prediction of nonreactive
turbulent transport is rich with schemes based on single-point
statistical closures for moments up to the second order
(Taulbee, 1989). Referred to as Reynolds stress models
(RSM), these schemes are based on transport equations for
the second-order velocity correlations and lead to determina-
tion of “nonisotropic eddy-diffusivities.” This methodology is
more advantageous than the more conventional models based
on the Boussinesq approximations with isotropic eddy diffu-
sivities (such as the k — € type of closures). However, the need
for solving additional transport equations for the higher-order
moments could potentially make RSM less attractive, espe-
cially for practical applications. For example, it has been re-
cently demonstrated (Hofler, 1993) that the computational
requirement associated with RSM for predictions of three-
dimensional (3-D) engineering flows is significantly higher
than that required to implement the k — ¢ model. The in-
crease is naturally higher for second-order modeling of chem-
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ically reacting flows due to the additional length and time
scales that have to be considered (Toor, 1991; Jones, 1994;
Libby and Williams, 1994).

A modality to reduce the large number of equations associ-
ated with RSM is to utilize “algebraic” closures. Such clo-
sures are either derived directly from the RSM transport
equations, or other types of representations (Speziale, 1991;
Yoshizawa, 1988) that lead to anisotropic eddy diffusivities.
One of the original contributions in the development of alge-
braic Reynolds stress models (ARSM) is due to Rodi (1976).
In this work, all the stresses are determined from a set of
“implicit” equations that must be solved in an iterative man-
ner. A somewhat similar method was applied to the heat-flux
equation by Gibson and Launder (1976). Pope (1975) offers
an improvement of the procedure by providing an “explicit”
solution for the Reynolds stresses. This solution is generated
by the use of the Cayley—Hamilton theorem, but is only ap-
plicable for predictions of two-dimensional (2-D) mean flows.
The extension of this formulation has been recently done by
Taulbee (1992) and Gatski and Speziale (1993). In these ef-
forts, the Cayley—Hamilton is used to generate explicit alge-
braic Reynolds stress models that are valid in both 2-D and
3-D flows.

The objective of this work is to expand upon the formula-
tion developed by Taulbee (1992) (also see Taulbee et al.,
1993) for predictions of turbulent flows involving scalar quan-
tities (Brodkey, 1981). The specific objective is to provide ex-
plicit algebraic relations for the turbulent flux of scalar vari-
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ables. Both nonreacting and reacting flows are considered. In
the latter, a second-order, irreversible chemical reaction of
the type A+ B — P is considered in isothermal turbulent
flows with initially segregated reactants (Brodkey, 1975; Toor,
1975). The closure explicitly accounts for the influence of the
Damkdhler number and includes the mixing solution in the
limit of zero Damkdhler number. Similar to previous contri-
butions, the starting equations are the currently available dif-
ferential equations for the second-order moments. Accord-
ingly, several previously suggested closures for the
pressure—scalar gradients correlations are considered. The fi-
nal results are compared with available experimental data in
turbulent jet flows.

Theoretical Background

With the convention that the angle brackets () represent
the ensemble mean value of a transport variable and the
prime denotes its fluctuations from the mean, the nondimen-
sionalized averaged equations in space (x;, i=1, 2, 3) and
time (¢) for incompressible, isothermal turbulent reacting
flows are:

a{u;y
= =0, (1
axj
u;) . aCuu;) B o{uu}) 1 &p> . 1 0% u
at ox;  ox; {p) dx; Re dx;ox;’
,j=12,3 (2)
(V) ¥ u) XD 1 aXY)
+ =- +{a@,,
Jat dx; 9x; ScRe ox;dx;
a=A,B. (3)
Here u;, p, p, Y,, Re, and Sc denote the ith component of

the velocity vector, the pressure, fluid density, mass fraction
of species «, the Reynolds number, and the Schmidt num-
ber, respectively, while { @, ) represents the rate of chemical
reaction ({4 = {wp)):

(@,) = — Da({Y,){Yp) +{¥1Yp)), 4)

where Da is the Damkdhler number. The algebraic formula-
tion entails a two-equation scheme in which the Reynolds
stresses and the scalar fluxes are expressed by nonlinear
functions of the mean gradients and the time scales of the
flow (Wang and Tarbell, 1993). The mechanical time scale is
determined by the solution of transport equations for the tur-
bulent kinetic energy (k) = {uju.)/2 and for the turbulent
dissipation

For shear flows, these equations are (Pope, 1978):
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with C, =1.44 and C,, =1.92—- C,, x. The parameter x rep-
resents the correction for the dissipation equation in round
jets and is given by y = ((k)/X €))*{QQS}, where {} denotes
the trace, S represents the mean-flow strain-rate tensor, S;
=[0<u;>/dx; + 3{u;>/3x;)/2, and Q denotes the mean flow
rotation-rate tensor Q,; =[8<u;2/9x; — <u;>/9x;1/2. With
C., =089, the spreading rate of jet ﬂows is correctly pre-
dicted with the nonlinear stress—strain relation.

Treatment of the scalar variable requires the solution of
additional transport equations (Chakrabarti et al., 1995) for
the reactants’ covariance (Y;’Y;Q, and dissipations

1oy oYy
ScRe ax; ox; |’

<€a3>

For the former we have
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By neglecting the third-order mass-fraction correlations, the
chemical-source terms in the expanded form read (no sum-
mation on Greek indexes in all subsequent equations)
(o, ¥)) + (@) = — Dal<Y, Y} + (YY) V) + (Y.YD
+ (YHYB’))(X‘, »]. Full resolution of the nonlinear interactions
in the chemical scalar fields requires significant computa-
tional effort in practical applications (Hill, 1976; Givi, 1989;
Fox, 1996). The neglect of the higher-order scalar fluctua-
tions for the configurations considered here is justified (Givi,
1989), but cannot be recommended for general applications
(Wang and Tarbell, 1993). In such applications, the single-
point probability density function (PDF) or the joint PDF of
the scalar variable provides the required information (Toor,
1962; O’Brien, 1980; Dopazo, 1994; Fox, 1996). The inclusion
of the PDF is not attempted here.

There are several methods for evaluating the scalar covari-
ance dissipation (Jones, 1994; Newman et al., 1981; Jones and
Musonge, 1988; Borghi, 1990). By using the first-order term
in the two-scale direct-interaction approximation, Yoshizawa
(1988) develops a generic model for the scalar dissipation. An
equivalent functional expression is obtained from Yoshizawa’s
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results bg making use of the time-scales ratios r, = 2{k ){€, )/
(eX{Y.")) (hereinafter €, = €,,) and replacing the diffusion
effect term by the inherent gradient of the turbulent flux.
The equivalent form of this equation including the effects of
chemical reaction is (Adumitroaie, 1997):

¥ €ap) . 3 €, u;) =__a_<u}6aﬁ>+ 1 iai(_q,_ﬁz
at ax; ox; ScRe 9x;0x;
- c%—i% (u;Y2) ag?j) +uUYy) 3;§j>
6 -6y
S

in which the chemical-source term is of the form

SOIB = Da[(<€_4a>+<€AB>)<YB>+(<€BB>+<€aB>)<}IA>]‘
9

To determine the magnitudes of the model constants the
transport equation for r, as derived from Egs. 5-8 can be
used in the limiting case of mixing:

(k) 1 dr, P, P
mz;}‘—(c},l—ra):-+(l—csl+cyz)-;

[+ 4

1 —(/i (c.-1-¢C,) 0
+ - 2 r°‘+ €2 Ty,

where the production terms are P = —{uju;)d{u;)/dx; and
P, = —{u;Y;)o(Y, )/dx;. In the experiments of Warhaft and
Lumley (1978) on decaying heated-grid turbulent flows it has
been observed that the magnitude of r, is in the range 0.6 <
r, <2.4. In the experiments of Beguier et al. (1978) on ther-
mal turbulence in several thin shear flows it is indicated that
r, = 2. Based on this information, using the procedure de-
tailed by Jones and Musonge (1988) it is possible to estimate
the magnitudes of the model constants: C, =r, =20, C, =
20,C,,=C,-1=092-C,_ x,C, =05.

To complete the closure formulation, all the third-order
transport terms are described by the gradient diffusion hy-
pothesis. Denoting by = any of the fluctuation products on
which the second-order correlations rest, we have:

_ Gy a(ED
(ui:>=—CsC§<uiuj)—3;j—, (11)

where C, is taken to be equal to 0.22 for all nongradient
correlations (£ =k and E =Y.?), whereas for the dissipa-
tions (E=¢ and E=¢,), C,=0.18. Also, the molecular
transport terms are neglected under the assumption of high
Reynolds—Peclet numbers flow.

AIChE Journal

Explicit Algebraic Models

An improved explicit ARSM for 3-D flow has been derived
by Taulbee (1992) from the modeled transport equation for
the Reynolds stresses. This model is based on the general
linear pressure-strain closure given by Launder et al. (1975).
The improvement is due to an extended range of validity; the
model is valid in both small and large mean strain fields and
time scales of turbulence. The nonlinear stress—strain rela-
tion for 3-D mean flows is of the form (Taulbee, 1992; Taulbee
et al,, 1993) a=a(S, Q), where a is the anisotropic stress
tensor, a,-j=[<u’,-u}>/(k)—25ij/3]. The ARSM depends on
key turbulence parameters such as the turbulence time scale
1 = {k)/(e); the production-to-dissipation ratio P/{e),
where P =—<(k)a;S; is the production of the turbulent ki-
netic energy; the invariants of the strain rate and rotation
rate tensors o % =(S;;5;), ®=(Q;Q;;); and the model co-
efficients of the pressure—strain correlation and the modeled
dissipation equation.

A similar line of reasoning is followed to obtain a 3-D alge-
braic closure for the velocity—scalar correlations. The trans-
port equations governing these correlations are transformed
into algebraic expressions by making two assumptions: (1) ex-
istence of a “near-asymptotic” state, and (2) the difference in
the transport terms is negligible. The starting equations for
the convective scalar fluxes are described by

ouiY,) . HKu Y upy Yy +{p' Y0/ p)8,)

at é‘xj ax,.

1 Y, (Y, o u;
<p, a>_(<u,ju,i> SN <u.>)
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é v ou; u; 9Y, 1+ Sc | ou}; Y, 12
—_ ’__+.__ —_ .

dx; \ “ax; Sc ax;

ScRe \ dx; dx;

On the RHS of this equation, the following terms are iden-
tified: turbulent transport, pressure—scalar gradient cor-
relation, production by the mean velocity and the mean
scalar gradients, chemical reaction effects, molecular trans-
port (assumed negligible at high Peclet numbers), and viscous
dissipation. Based on the Poisson equation satisfied by the
pressure fluctuations one can arguably split the pressure-
scalar gradient correlation into two parts corresponding to
so-called rapid and slow terms (Lumley, 1978). The rapid
term represents an inner product between the velocity gradi-
ent tensor and a third-order tensor, the last one subject to
symmetry, continuity, and normalization constraints. As sug-
gested by Lumley (1978), since the slow pressure—scalar
gradient term and the viscous dissipation term are functions
only of turbulent quantities, they can be incorporated into a
single closure. The ensemble of the entire pressure-gradient
term and viscous-dissipation term enjoys a general relation
encompassing some of the formulations proposed in prece-
dent contributions. Consequently, this is written

1
+ ——
Re
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The model coefficients in this equation are taken from Laun-
der (1975):

e, =64, =05, ¢;=0, i=2,6, (14
Jones and Musonge (1988):
e, =6/1+15(aua )], =109, =051,
c;=0; i=3,5; ¢, =0.12, (15)

Rogers et al. (1989):
130 0.25 . 12.5 -2.08
+ —
ScRe, Re?48
P(X
T (e

where Re, = 4(kY’/((e)v), and Shih et al. (1990):

e, =18[1+

pteal

—1), ¢;=0; i=1,6, (16)

(v -DII
ela=w+ra w 4 +HFI;ﬂa
(H;+3a,d}/2-3a;,d;,/2)
Cl=4/5’ C2="1/5, C3=l/10,
cy=-3/10, cs=1/5, c,=0, a7

where H = 1.1+ 0.55Q2¢ — 1)tanh[4(r, — 1D]; =1+
F/18 exp (- 7.77/Re/*X72/Re}* + 80.1 log {1 + 15. 6( i+
115001, with F =1+ 2711I/8+911/4, a parameter involving
the second invariant /] = —1/2a;;a; and the third invariant
m=- 1/3a ;8 4; of the Reynolds stress anisotropy tensor;
Re; = 4¢k)Y*A9{e)») denotes the turbulence Reynolds num-
ber: d;, = (u ¥ (up Y, — <u'u'k><y'2>)/ (OAMITA T
2<k>(Y’2)) Fy=9/2-27d2 /2+9 35 Iy s the second in-
variant of the tensor d;;; d;; = d;d,;; and d; =d;d,,d,,;

To proceed, let us denote the mechamcal chemical corre-
lation coefficient (normalized scalar flux) by:

A
Pia = DN (18)
kYY)
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The transport equation for the correlation coefficient ¢;, (a
# f3) is of the form:

De,, B 1
Dt (kx>

AT e K NPT e (DT,
ax; 2 (Y’*) ax; - (k) ax;
<P,(,<e>( e S, +_(p,»_u(i__l)

(Y \ (e {€,” 27 \ (e

+®, +8§,. (19

where the notation D/Dr indicates the convective transport,
and 77, T%, and T, denote turbulent transports of the scalar
flux, the scalar varlance, and the kinetic energy, respectively.
Moreover P, = —((k)(Y’“)) ¥ 7Y, >/3x; is the produc-
tion of scalar variance; 8, ={&,Y,) is the chemical source
term in the (Y,*) equation; and the remaining quantities are
the normalized production, pressure-gradient, and the chem-

ical-source term:
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Here v, = (u',-Yéiﬁ)/((k)(Yf)(Yéz»w is the normalized
covariance flux vector.

The results of direct numerical simulations (DNS) of non-
reacting passive scalar mixing in homogeneous turbulent shear
flow (Rogers et al., 1989) suggest the existence of an asymp-
totic state for the normalized correlation coefficient ¢,,, but
not for the scalar flux itself. This observation justifies the first
assumption, at least for reacting flows near the frozen limit.
The second approximation is yet to be substantiated and its
assessment requires future DNS or laboratory experiments.
Under these assumptions the term representing the convec-
tive transport is set to zero and the difference in turbulence
diffusion terms is discarded. This procedure leads to an alge-
braic system of equations for the two unknown vectors ¢,
and @4t

¢, +tD, A, +B, @ +C, =0
2
@5+ DgAgs + By, +C5 =0, (23)
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where the coefficients are

b 2th, D 21hg 20
“ 1+2Dath,(Y;)'  ® 1+2Darhy(Y,)’
B.=Da(Y,)D,, By =Da(¥s)D,, (25)

with
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and the vector terms read:
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Finally, the anisotropy of the turbulent diffusivity is ensured
by the properties of the second-order tensor A:

A== =e)Sy +(T=c;+¢)Qy — (e + ¢4)a; Sy,

—osa;S; —(e3—cy)a; Qy +csa,; Q1. (30)
This tensor turns out to be traceless (A4;;=0) as a conse-
quence of incompressibility and of the particular values taken
by the constants, ¢,’s. Now, the solution of the system of Egs.
23 is conveniently represented in the form:

¢, =—M"'[(8 + D;A)C, — B,C;]

31
¢s = ~M"'[(8 + D,A)C; — B,C, ], GD

where M denotes the matrix [(1- B, B;)8 +(D, + Dg)A+
D,D, A’]. The expressions for the turbulent fluxes of reacting
scalars exhibit the influence of the Damkohler number Da.
Also, the coupling between the reactants is reflected by the
nonlinear dependence on the mean scalars and the presence
of the covariance flux.

To provide a computationally efficient algorithm, the ma-
trix M is inverted analytically. This is achieved by the use of
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the Cayley—Hamilton theorem and yields an expansion defin-
ing a natural basis for this problem:

2 2
.= L a,AC, + ) d,A"C,. (32)
n=20 n=10

In the Appendix the inversion procedure via the Cayley—
Hamilton theorem is outlined and the coefficients @, and 4/,
are listed. The final results provide an explicit solution for
the scalar fluxes. In the limit Da — o, the use of the mixing
solution (Da=0) for the transport of a Shvab—Zel'dovich
variable (Toor, 1962; Williams, 1985) is recommended.

lllustrative Examples

In this section, we present some sample results of numeri-
cal calculations based on the models given earlier. There are
two primary reasons for conducting these simulations: (1)
model assessments via comparisons with laboratory data, (2)
demonstration of the model capabilities in comparison to tra-
ditional closures based on the linear gradient-diffusion ap-
proximation. The flow configurations considered consist of
turbulent-plane and round-jet flows for which laboratory data
are available. The mean flow motion in these shear flows is
assumed 2-D or axisymmetric. The space coordinates are
identified by x =[x, y], where x is the streamwise coordinate
denoting the direction of the flow’s principal evolution, and y
represents the cross-stream direction. The velocity field is
identified by uw ={u, v]. In nonreacting flow simulations the
mass fraction of one conserved species, Y, is considered. In
the jet configurations, Y, =1 is issued at the inlet into a sur-
rounding of Y, = 0. For the reactive case, Y, =1 is issued at
the inlet into a surrounding of Y =1. These species are as-
sumed thermodynamically identical, and there is no trace of
one of these species at the feed of the other one; that is,
complete initial segregation. Also, the heat generated by the
reaction is assumed negligible.

The transport equations governing the velocity and the
scalar fields are of parabolic type with the thin-shear layer
approximation. For 2-D mean flows, the ARSM (Taulbee,
1992) is of the form:

2
a= —ZCMT[S-F blgm'z(gﬁ - 5<2>) +b,g7(SQ — QS)],
(33)

where 8@ =[5/?1=1 for i=j=1, 2 and 0 otherwise. The
parameters C, and g are given by

4g/15
Cy.= 2 5 , ’
l—g(blg‘r) a2 +2(b,gr) w?
r Do]™!
g= C1+C€2—2+(2—C€1)P/<E>+;E , (34

where C,;, b,, and b, are constants from the pressure-strain
correlation model (C, =18, b,=(5~-9C,)/11, b, =(1+
7C,)/11, C, = 0.45). In the self-preserving regions of turbu-
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lent shear flows, the convective term Do/Dt can be ne-
glected. For 2-D mean flows, with zero rate of reaction the
scalar-flux model is expressed as

27h (k)
1+ 1l

oY,

3xj

(w¥)) =~

which has the gradient form, but with an anisotropic diffusiv-
ity. With the thin-shear layer approximation,

IIg =(c; + c40,)(A — ¢, = c3ay, — C585,) = €3a7,)

- d{u)
x|(2h 7 >

2
) (36)

and the nonzero components of the diffusivity tensor, 4,;,
are

dlu 2
A= 1—203Thaa12—dy— (1-cgla, + 3

dlu)

_Zrha(l—cé)an?(l—cl—c3a“—c5a22) 37
d{uy 2
Ap= 1+2c3‘rhaa12—(—i}—-— (l—cé)a22+§
d{uy
+27ha(1_C6)a127(02+C4a22) (38)
2
Ay =Q+11g) (1—06)a33+§ (39)
d{u)
A12= 1_2C3Th”a12-7d;_~ (1—06)a12
271 dluy
—27h, (1—66)a22+§ d—y(l—cl—c3an—c5an) 40)
d{u)
Ay =|142¢57h a4, & (1—cglay,
2] d<u
+27h, (l—c(,)a“+§ T(cz +c4ay,). (4D

These anisotropic diffusivities are determined directly from
the velocity gradient, the components of anisotropic Reynoids
stress tensor, and the model coefficients.

The numerical algorithm for the solution of the transport
equations augmented by the algebraic closures is based on a
first-order upwind differencing for the convection terms and
a second-order central differencing scheme for all the other
terms. Due to the anisotropic character of the algebraic clo-
sures, it is possible to evaluate all the components of the
Reynolds stress tensor and the scalar-flux vectors. In this
evaluation, the terms appearing as model coefficients (e.g.,
P/ e) in Eq. 26) are treated in an iterative procedure. The
implementation of the boundary conditions is similar to that
in many previous simulations of parabolic shear flows (e.g.,
Taulbee, 1989). In the results presented below, the spatial

1940
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coordinates are presented by = yAx —x,) for hydrody-
namic and

y
T y(Y) =05, )cr)

*

Ui

for the scalar variables. x, denotes the virtual origin of the
jets. In the nonreacting jets, the subscript CL denotes values
at the center line (i.e., y = 0). In the reacting jets, the corre-
sponding profile of Y, under no chemical reaction is em-
ployed in the normalization. In all the figures below, the
transverse variations of the statistical variables are presented.

The experimental results pertaining to the velocity fields of
planar jets as reported by Gutmark and Wygnanski (1976),
Bradbury (1965), and Heskestad (1965) are compared with
the model predictions in Figure 1. The agreement is reason-
able for the mean streamwise velocity and also for the com-
ponents of the Reynolds stress tensor. The predicted spread-
ing rate (dy, 1y, -0.5/dx) is 0.105, which is within the range
suggested by experimental measurements. In Figure 2, the
predicted results for the mean and the variance of the nonre-
acting scalar are compared with the experimental data re-
ported by Browne et al. (1984), Bashir and Uberoi (1975),
Uberoi and Singh (1975), Jenkins and Goldschmidt (1973),
and Antonia et al. (1983). Figure 2 indicates that the models
based on the coefficients proposed by Launder (1975), Jones
and Musonge (1988), and Shih et al. (1990) predict the mean
scalar values in these experiments reasonably well. These
models also yield good predictions of the experimental data
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Figure 1. Cross-stream variation of {u)/{U)ct, u'?y
W2y, (v /(uwdd,, and (u'v')/(u)Z, for the
planar jet.
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of Uberoi and Singh (1975) for the scalar variance. All the
other experimentally measured variance profiles are better
predicted by the model with the coefficients of Rogers et al.
(1989).

The procedure by which the Reynolds stress tensor and the
scalar-flux vector are determined by our explicit solution al-
lows a direct comparison of the calculated fluxes with data.
This comparison is made in Figure 2 and indicates that the
models with coefficients of Launder (1975), Jones and Mu-
songe (1988), and Shih et al. (1990) yield results in reason-
able agreements with the experimental data of Jenkins (1976),
but overpredict the experimental data of Antonia (1985) and
Browne et al. (1984). These data are in better agreement with
the predicted fluxes based on the model of Rogers et al.
(1989). The lower spreading rates predicted by the model of
Rogers et al. (1989) are primarily due to the relatively large
values adopted by the parameter €,,. In this model, the pro-
posed form of €;, and its correlation with the turbulence
Reynolds number are determined with comparative assess-
ments by DNS results of homogeneous turbulent shear flows.
In the jet-flow experiments, as considered here, a direct ap-
plication of the model yields relatively large values for €,,,
and thus small turbulent diffusivities. Consequently, the pre-
dicted scalar spreading rate is lower than that measured ex-
perimentally. Nevertheless, in the core region, the results
predicted by this model are closer to the majority of available
experimental data compared to predictions based on other
models.

With these results it is possible to perform an a posteriori
appraisal of the closures based on conventional linear gradi-
ent-diffusion hypotheses. For example, the parameters C,
and Sc, as given by

, o{u) (kY
<u'U>=—V,a—y, V‘=C“U’ (42)
VAR VA AN Vt 3<Ya>
\UYH>——§;’; 3y s (43)

can be directly evaluated. The explicit algebraic relation for
C, is given by Eq. 34; the relation for the turbulent Schmidt
number is
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Figure 2. Cross-stream variation of {Y,)/(Y,)c., <Yf)/
(Yo 21, and (V'Y )((udci(Yader) for the pla-
nar jet.

for all these parameters near the free stream. The amplitude
of the parameters at the free streams can be controlled by
modifications of the boundary conditions. An extract specifi-
cation of these conditions requires inputs from laboratory
measurements.

Some of the influences of the chemical reaction on the
scalar field in the turbulent plane jet are presented in Fig-
ures 4 and 5. In the calculations pertaining to these figures,
the model coefficients of Launder (1975) are employed. The
influence of reaction in modifying the amplitudes of the

dlu) )2

dy 2g

Sc, = FIen)

2
ha{(l+2C3‘rhaa12—2}—)—) [(1'— c6)a22+§

Figure 3 shows the cross-stream variations of C,, and of Sc,
and r, based on the pressure—scalar gradient model in Shih
et al. (1990). These results can be compared with C, = 0.09
and Sc, = 0.7, typically employed in the linear gradient-diffu-
sion approximations. Also, the ratio of the velocity to scalar
time scales (r,) indicates that an approximate constant value
can be used at the central region of the layer. This is in ac-
cord with the results of Beguier et al. (1978) and Tavoularis
and Corrsin (1981). As expected, there are large variations
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scalars’ means (Figure 1), variances (not shown), and turbu-
lent fluxes are captured by the model (Dutta and Tarbell,
1989; Gao and O’Brien, 1991). In accord with the physics of
turbulent flows with segregated reactants, the unmixedness is
negative throughout the layer (Shenoy and Toor, 1989;
Leonard and Hill, 1991; Wang and Tarbell, 1993). The same
is true in the limit of no chemistry; in that case, the ampli-
tude is slightly larger (Leonard and Hill, 1988; Frankel et al.,
1993, 1995).
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T ' N T j The comparison between the full second-order model (Eq.
12) and the algebraic closure in predicting the scalar fluxes is
presented in Figure 5, and indicates that the transverse flux
as predicted by the algebraic closure is in close agreement
with that by the transport-equation model. However, there
are differences between the two predictions of the stream-
wise flux near the jet center line. The zero value of this
flux in the algebraic model is due to the thin-shear-layer ap-
proximation. The neglect of the axial diffusion in this
approximation combined with the gradient diffusion nature
of the algebraic model can only yield zero flux vatues at the
axis of symmetry. While the thin-shear-layer approximation is
also invoked in the transport equation model, the inclusion
of the streamwise convective effects in the transport equa-
tions can, and does, yield nonzero flux values. If the thin-layer
assumption is relaxed in the algebraic model, the inclusion of
axial scalar gradients would generate nonzero scalar-flux val-
ues at the center line, thus reducing the disagreement. It must
0.0 n 1 \ l Sttt be noted that for this class of flows the cross-stream scalar

0.00 0.05 0.10 015 0.20 0.25 flux is more dominant than the streamwise flux in influencing

k the mean scalar distribution and the production terms. Thus,

Figure 3. Cross-stream variation of C,, Sc,, and r, for  the agreement observed in Figure 5 is encouraging in support
the planar jet. of the algebraic approximation. Nevertheless, this is demon-
strated here only for a “simple” flow configuration. The im-
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(YAYé) for the nonr: eactmg and reacting planar It was computed via the algebraic scalar-flux model (ASFM)
jets. and the full second-order transport-equation model (SOM).
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Figure 6. Cross-stream variation of (u)Y{u)c., (u®Y
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round jet.

plementation of the model for complex flows would be very
useful in further assessment of the algebraic approximation.

The performance of the models for prediction of axisym-
metric jet flows is assessed in Figures 6 and 7 where the ex-
perimental data of Hussein et al. (1994), Abbiss et al. (1975),
Wygnanski and Fiedler (1969), and Rodi (1975) are used for
hydrodynamics variables, and those of Chevray and Tutu
(1978), Becker et al. (1976), and Lockwood and Moneib (1980)
for the scalar variables. The predicted hydrodynamic spread-
ing rate with the axisymmetric correction is 0.094, and is in
agreement with the experimental results of Hussein et al.
(1994). Again, all the mean values are reasonably well pre-
dicted. The same is true for the Reynolds stresses, except for
the streamwise normal stress in the central region for which
an improvement of about 30% can be obtained if all the com-
ponents of the rate of deformation tensor are considered.
Consistent with the planar-jet results, the model with coeffi-
cients of Rogers et al. (1989) results in lower scalar diffusivi-
ties. This model also yields lower values for the second-order
moments in the core. The model predictions based on the
coefficients of Launder (1975), Jones and Musonge (1988),
and Shih et al. (1990) overpredict the experimentally mea-
sured scalar’s covariance and turbulent fluxes. The predic-
tions based on the model of Rogers et al. (1989) again yield
better agreement for the scalar fluxes. It is important, how-
ever, to indicate that the experiments of Chevray and Tutu
(1978) are not conducted in the self-preserving regions of the
jet. Therefore a definite assessment cannot be made without
comparisons with further data.
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From the preceding comparisons, it can be concluded that
the algebraic model developed here provides an effective
means of predicting the second-order moments in reacting
turbulent flows. Because of their anisotropic feature, these
algebraic schemes are more general than the conventional
linear gradient-diffusion schemes (Toor, 1991). The explicit
nature of the relations is particularly convenient for applica-
tions in practical flows of the type considered by Hofler
(1993). With the reasonable agreement of the model results
with experimental data in simple configurations, the method-
ology is recommended for predictions of more complex flows.
Even so, the restrictions stemming from the assumptions in-
volved in the development of the models have to be clearly
underscored. The results shown here indicate the need for
refinement of current pressure-gradient correlation closures.
Moreover, the modeled transport equations for the passive
scalar dissipations have known inconsistencies (Pope, 1983).
These and the nature of the pressure-correlation models
might raise realizability concerns, which can be considerably
alleviated by implementing some of the techniques developed
by Shih and Shabbir (1994). The present models are devised
for high Reynolds—Peclet number flows; therefore some cor-
rections might be required for modeling of the near-wall re-
gions. In flows with important nonlocal effects such as the
action of diffusion over long distances, rapidly varying flows,
or other kind of flows far from equilibrium, the results by
algebraic models are expected to have a larger departure from
those by the full second-order moment formulation. In flows
with very large strain fields there is a potential for singular

1943



behavior of the scalar-flux models. This issue requires further
investigations of complex flows. Further improvements are
recommended by considering low Reynolds—Peclet number
effects, the higher-order moments of the scalar—scalar fluctu-
ations in reacting flows, and the effects of exothermicity in
nonequilibrium chemically reacting systems.
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Appendix

The procedure leading to explicit solutions for the scalar-
flux vector, as governed by Eq. 23 is described here.

Consider an arbitrary 3-D second-order tensor @ =[Q;;],
and the corresponding Kronecker tensor & =(§;;]. According
to the Cayley—Hamilton theorem, this matrix satisfies its own
characteristic polynomial:

0’ 1,0° + 11,0 - I8 =0, (A1)

where I, ={(Q)=Q,, H,=1/20{QY -{Q%=1/20,0; -
Q,—,-jS], I, = 1/6[{0) —3(gXQ?) + 2{@%)] = 1/6[Qiinijk
=300k Qx; +20Q;;QxQx;} are the three tensorial invari-
ants. Multiplying the characteristic polynomial with @~! and
solving for the inverse, we obtain

Q“1=m;(Q2—lQQ+IIQ8). (A2)

This relation can be used now to find explicit solutions to the
problem considered here. For example, for the case with Da
= 0 (pure mixing), we can write

e, =—(6+G)7'C, (A3)

where G = D, 4. Hence

AIChE Journal

(6+6)'= [G*+(2- 15, ,)G

s, g
+(1- I+ ;,5)8). (A4

It is easy to show that Iy = Ig+{8}, Iz =21+ 1l ;+
{8), Iy, q=1Ig+ I+ IlI; +({8)/3). Therefore the nor-
malized scalar flux vector takes the form:

¢, =a,C+ a,GC + a,G*C (AS)
with the coefficients:
141+ 1lg
= A6
T T ¥ I+ g + 1, (A6)
ikl (A7)
NI I, g + 11
i (A8)
T T TN It lg+ I,

In a solenoidal velocity field the pressure~scalar gradient
correlation includes a rapid term that satisfies the zero-diver-
gence constraint. This further translates into {4} = 0; thus,

1
I—E{GZ}
ag=——"7 1 (A9)
(OGN 4 (3
1 2{G }+3{G}
1
a = T 1 (A10)
1——2-{G}+§{G}
1
a, =~ (A11)

1 1
G+ G
1 2{G }+3{G}

The reacting case is somewhat more complex. Nonetheless,
by following the same procedure explicit solutions are
obtained:

@a =aC, + 8 Cy + a,AC, + 0\ AC; + a,4°C,, + a, A*C,
(A12)

@5 =byC, + byCy + b,AC, + b AC, + b, AC,, + b, 4°C,,
(A13)

with the coefficients:
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ag =

! p—
ap =

a,

a, =

_ D,F; — ED;B, B,

5
2

a, =

with the shorthand notations:

1946

FB(F,, +D?

{4°)

{4%}
5~ (DyF, = ED,)Dy — E\ E+——D,D;

L)
Fo\ Fy+ D=
B

+ D,—— (D, F, ~ ED;)~ EB, B,

(1- B,By)(F,F, — E*B, Bg)

{4}
E+ —3—Da DB )

@

B,ByE(D; — D)+ F,Dy]1- D,F,
Da(FaFﬁ —EZBQBB)

, B, D,Fy — D;F, - E(D,; — D, B, B,)

D, F,F; - E’B,B,

F,Fy, - E’B,B,

D, F, — ED,
a 2 )
F,F,— E’B,B,

(1- B,By)(F,F; — E*B, By)

(A16)  F,=(1-B,B,)

(A17)

(A18) E=(—-—+i
D,

(A14)
(A15)
{4y 1 B,B, {4}
“2 D, D 3
(A20)
{43} 1 BB, Dz{As} )
“2 D, b, | *3
{4%)
B,Bg)— D, Dy T (A22)

The coefficients b, are obtained from the ga,’s through the
(A19) permutations a« = 6, B— «a, 6 > B, a,— by, ay— by, a, —

by, a\— by, a, > b, and 4%, — b,.
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